Abstract. Cross-connection theory propounded by K. S. S. Nambooripad describes the ideal structure of a regular semigroup using the categories of principal left (right) ideals. A variant T θ X of the full transformation semigroup (T X , ·) for an arbitrary θ ∈ T X is the semigroup T θ X = (T X , * ) with the binary operation α * β = α · θ · β where α, β ∈ T X . In this article, we describe the ideal structure of the regular part Reg(T θ X ) of the variant of the full transformation semigroup using cross-connections. We characterize the constituent categories of Reg(T θ X ) and describe how they are cross-connected by a functor induced by the sandwich transformation θ. This lead us to a structure theorem for the semigroup and give the representation of Reg(T θ X ) as a cross-connection semigroup. Using this, we give a description of the biordered set and the sandwich sets of the semigroup.
Introduction
In 1973, T. E. Hall [15] used the principal ideals and translations of a regular semigroup to study its ideal structure. In 1974, P. A. Grillet [11] [12] [13] inspired by Hall's ideas, axiomatically characterized the partially ordered sets of principal ideals of a regular semigroup. He explicitly described the relationship between the principal ideals of a regular semigroup using a pair of maps which he called a cross-connection and gave a fundamental representation of a regular semigroup as a cross-connection semigroup. Later in 1994, K. S. S. Nambooripad [26] extended Grillet's construction to arbitrary regular semigroups (not only fundamental ones), by replacing partially ordered sets with normal categories. Given an arbitrary regular semigroup, it induces a cross-connection between the categories of principal left and right ideals, and conversely a cross-connection between suitable normal categories gives rise to a regular semigroup.
Cross-connection theory describes how two categories (one each from the Green L and R relations) are connected to form a regular semigroup. Hence, it is very suitable to study the structure of semigroups which have a rather complicated ideal structure. But the theory in itself is quite abstract that it may not look attractive for people working in concrete semigroup problems. This article is a humble effort to fill that void, wherein we give concrete meanings to the abstract notions of the cross-connection theory, by placing them in the setting of the transformation semigroup.
It may be noted here that the cross-connection structure degenerates in many situations like regular monoids (see Section 2 for details). Hence, it is not easy to find a concrete setting which demonstrates the nuances and subtleties of the sophisticated construction. Fortunately, the regular part of the variant of the full transformation semigroup provides such a concrete setting which is very amenable for cross-connection analysis. Here we shall see that the cross-connections are determined by the variant element θ and hence the pun in the title of the article is vindicated.
Recall, that the full transformation semigroup T X is the semigroup of all mappings from a set X to itself. It is a well known that T X is regular and every semigroup can be realised as a transformation semigroup [6] . Hence the semigroup T X and its subsemigroups have been studied extensively [8] [9] [10] 18] . The cross-connections of the singular transformation semigroup Sing(X) was studied recently in a joint article of the author with A. R. Rajan [4] . The categories involved were characterized as the powerset category P(X) of all non-empty proper subsets of X and the category Π(X) of all non-identity partitions of X. It was shown that every cross-connection semigroup that arises from P(X) and Π(X) is isomorphic to Sing(X). It can be easily shown that the similar results hold for the full transformation semigroup T X as well (see Section 3 below). These results also push us closer to the variants of T X .
Let (S, ·) be an arbitrary semigroup. Then the variant S θ for an arbitrary θ ∈ S is defined as the semigroup (S, * ) with the binary composition * as follows.
Variant of a semigroup was initially studied by K. D. Magill [23] and J. B. Hickey [16] ; later by T. A. Khan and M. V. Lawson [20] , G. Y. Tsyaputa [31] , Y. Kemprasit [19] , I. Dolinka and J. East [8] among others. See [8] for a detailed discussion on the development of the literature. As noted in [20] , the variants arise naturally in the context of Rees matrix semigroups. It is worth observing here that the cross-connection in a regular Rees matrix semigroup M [G; I, Λ; P ] is completely determined by the sandwich matrix P [3] .
It is known that even if a semigroup S is regular, its variant S θ need not be regular. But when S is a regular semigroup, the regular elements of S θ form a subsemigroup [20] . In particular, Reg(T θ X ) forms a subsemigroup and it was studied in detail recently by I. Dolinka and J. East [8] . They described the structure of the regular part Reg(T θ X ) using the map a → (aθ, θa) starting from the right and left translations. We shall also give a similar structural description but using the much more general theory of cross-connections. This in turn suggests that their results obtained in the specific case of Reg(T θ X ) are much more universal in nature. So, our discussion may also shed some light on the structural aspects of a more general class of semigroups.
The structure of the article is as follows. In Section 2, we briefly outline the cross-connection theory by describing how the categories of principal left (right) ideals of a regular semigroup are cross-connected. Using that we describe the representation of a semigroup as a cross-connection semigroup. A reader more interested in the concrete case of Reg(T θ X ) may skip this section as the discussion in sequel is more or less self contained. In Section 3, we characterize the categories involved in the construction of Reg(T θ X ) as P θ and Π θ . These are full subcategories of P(X) and Π(X) respectively and we describe the intermediary semigroups that arises from these categories. We also characterize the normal duals N * P θ and N * Π θ in this section. In Section 4, we describe how a cross-connection is induced by the sandwich element θ and characterize the cross-connection bifunctors. We describe the duality between the cross-connections using the natural isomorphism between the bifunctors. This explains how the categories are cross-connected to form Reg(T θ X ). In the next section, we use our cross-connection representation to give a description of the biorder structure of T X and Reg(T θ X ), in terms of subsets and partitions. We conclude with an illustrative example.
Theory of cross-connections
In this section, we briefly describe the theory of cross-connections by starting from a regular semigroup, and reconstructing it as a cross-connection semigroup from its constituent normal categories of principal left (right) ideals. We include this rather lengthy preliminary section to exposit the cross-connection structure of a regular semigroup, considering the lack of easy availability of Nambooripad's original work [26] , and the formal presentation style in [26] , which makes it quite cryptic for a fresh reader.
The reverse process of constructing a regular semigroup from abstract normal categories is much more involved. An interested reader may refer [4] for an introductory description, [21] for a more concise but less detailed discussion or [26] for the complete construction. See [1] for some references on the theory of crossconnections.
We assume some basic notions from semigroup theory [6, 14] and category theory [5, 22] . In this article, all the functions are written in the order of their composition, i.e., from left to right. For a category C, the set of objects of C is denoted by vC and the set of morphisms by C itself. Thus the set of all morphisms between objects c, d ∈ vC is denoted by C(c, d).
A normal category is a specialised category whose object set is a partially ordered set and the morphisms admit suitable factorizations. In fact, a normal category was axiomatised so that the principal ideals of a regular semigroup with partial translations as morphisms formed a normal category, and conversely every normal category arose this way.
Let S be a regular semigroup. Then there are two normal categories associated with it: the principal left ideal category L and the principal right ideal category R. An object of the category L is a principal left ideal Se for e ∈ E(S), and a morphism from Se to Sf is a partial right translation ρ(e, u, f ) : u ∈ eSf . That is, for x ∈ Se, the morphism ρ(e, u, f ) : x → xu ∈ Sf . Dually, the objects of the category R are the principal right ideals eS, and the morphisms are partial left translations λ(e, w, f ) : w ∈ f Se.
We mention in passing that the principal left ideal category L is category isomorphic to the Karoubi envelope of a semigroup introduced by B. Tilson in connection with the Delay Theorem [30, Section 17] , and later studied by A. Costa and B. Steinberg in relation to the Schützenberger category of a semigroup [7] .
Observe that we can have a partial order on the object set of L, namely the order induced by set inclusions. So, if Se ⊆ Sf , we can see that we have an inclusion morphism ρ(e, e, f ) = j(Se, Sf ) from Se to Sf . The objects of the category L along with inclusion morphisms form a strict-preorder subcategory P of the category L. This is the category of inclusions in L (also see [28] ).
Given an inclusion ρ(e, e, f ), we have a morphism ρ(f, f e, e) : Sf → Se such that ρ(e, e, f )ρ(f, f e, e) = ρ(e, ef e, e) = ρ(e, e, e) = 1 Se . Therefore, we say that the inclusion ρ(e, e, f ) splits, and its right inverse ρ(f, f e, e) shall be called a retraction. A morphism ρ(e, u, f ) will be an isomorphism if it has both a right inverse and a left inverse, which happens when eDf .
Given a morphism ρ = ρ(e, u, f ) in L, for any g ∈ E(R u ) such that eg = ge = g and h ∈ E(L u ), we can factorize
where ρ(e, g, g) is a retraction, ρ(g, u, h) is an isomorphism and ρ(h, h, f ) is an inclusion. Such a factorization is called a normal factorization of ρ(e, u, f ) in L. The morphism ρ(e, gu, h) : Se → Sh is known as the epimorphic component ρ
• of the morphism ρ. The codomain Sh of ρ
• is called the image of the morphism ρ denoted by Im ρ. The following diagram illustrates the factorization property of a morphism in L.
Now we proceed to describe normal cones in the category L. These are the basic building blocks of our construction since the cross-connection semigroup we obtain eventually will consist of ordered pairs of normal cones. A normal cone is essentially a collection of 'nice' morphisms with a distinguished vertex in L. Definition 2.1. A normal cone γ with a vertex Sd is a function from the object set vL to the set of morphisms in L such that
The following diagram illustrates a normal cone in the category L.
The morphism γ(Se) : Se → Sd is called the component of γ at Se. The M-set of a cone γ in L with vertex Sd is defined as M γ = {Se ∈ L : eDd}.
Observe that, given a normal cone γ with vertex Sd and a morphism ρ : Sd → Sh with Im ρ = Sg ⊆ Sh, the map γ * ρ
• : Se → γ(Se)ρ
• from vL to L is a normal cone in the category L with vertex Sg. Hence, given two normal cones γ and σ in L with vertices Sd and Sh respectively, we can compose them as follows.
• where (σ(Sd))
• is the epimorphic component of the morphism σ(Sd). If the morphism σ(Sd) : Sd → Sh has image Sg, then the vertex of the new cone γ · σ will be Sg, as illustrated in the diagram below.
All the normal cones in the normal category L with this special binary composition form a regular semigroup T L known as the semigroup of normal cones in L. It can be shown that the L category associated with the regular semigroup T L is isomorphic to L. Now we describe some important normal cones in L. These distinguished cones ρ a with vertex Sa called principal cones, are those induced by an element a ∈ S. The component of the cone ρ a at any Se ∈ vL is given by ρ a (Se) = ρ(e, ea, f ), where f ∈ E(L a ). The mapping a → ρ a is a homomorphism from S to T L. Further if S is a regular monoid, then S is isomorphic to T L. This is a crucial fact which shall be elaborated later in this section.
Further, Nambooripad invented a notion of normal dual of a normal category extending Grillet's idea of the dual of a partially ordered set. It is well known that the category of all functors from a category L to the category Set with natural transformations as morphisms forms a dual category L * . Given the normal category L, Nambooripad identified a full subcategory of L * as the normal dual N * L of L. Instead of considering all functors from L to Set, Nambooripad restricted the object set of N * L to certain special functors called H-functors. For each γ ∈ T L with vertex Sd, the H-functor H(γ; −) : C → Set is defined as follows. For each Se ∈ vL and for each ρ ∈ L(Se, Sf ), let
It can be shown that the H-functor is a representable functor such that for a normal cone γ with vertex Sd, there is a natural isomorphism η γ : H(γ; −) → L(Sd, −). Here L(Sd, −) is the covariant hom-functor determined by Sd ∈ vL. Also if H(γ; −) = H(γ ; −), then the M -sets of the normal cones γ and γ coincide; hence we define the M -set of an H-functor as M H(γ; −) = M γ.
A morphism in N * L between two H-functors H( ; −) and H( ; −) is a natural transformation τ as described in the following commutative diagram.
Using the discussion above, the natural transformation τ in N * L may be characterized as follows. 
In this case, the component of the natural transformation τ at Se is the map given by:
The normal dual N * L forms a normal category and it is isomorphic to the R category associated with the regular semigroup T L. Remark 2.3. Dual properties hold for the category R of principal right ideals of S. The principal cones associated are represented as λ a given by λ a (eS) = λ(e, ae, f ). There is an anti-homomorphism a → λ a from S to T R. The category R is isomorphic to the L category associated with the semigroup T R, and the normal dual N * R is isomorphic to R category associated with the regular semigroup T R.
Thus we have four normal categories associated with a regular semigroup S, namely L, R, N * L and N * R. Using these categories and a pair of cross-connection functors, Nambooripad explicitly described the relationship between the principal left and right ideals of the given regular semigroup.
To precisely give the relationship between the categories, we need the concept of a local isomorphism. The use of the terminology and idea of a local isomorphism in the structure of regular semigroups, may be traced back to D. B. McAlister [24] , where he used it to describe the structure of locally inverse semigroups. Later A. R. Rajan [27] used it to describe the local isomorphisms of Grillet's crossconnections. He observed that the order-isomorphisms of principal ideals arose from the ω-isomorphisms of the biordered set. To describe this notion in the context of normal categories, we need to define an ideal of a category. Definition 2.3. An ideal eS of the category R is the full subcategory of R whose objects are the principal ideals f S ⊆ eS in R.
Theorem 2.4.
[26] Given a regular semigroup S with normal categories L and R, there is a functor Γ : R → N * L such that Γ is inclusion preserving, fully faithful and for each eS ∈ vR, Γ | eS is an isomorphism of the ideal eS onto Γ(eS) given by
Moreover for every Sf ∈ vL, there is some eS ∈ vR such that Sf ∈ M Γ(eS).
* L such that for every Sf ∈ vL, there is some eS ∈ vR such that Sf ∈ M Γ(eS).
Remark 2.5. Dually, we have a dual cross-connection (L, R; ∆) defined by the local isomorphism ∆ : L → N * R as follows.
(6) ∆(Se) = H(λ e ; −) and ∆(ρ(e, u, f )) = η λ e R(λ(f, u, e), −)η
λ f . Since L and R are cross-connected with Γ and the dual ∆, by category isomorphisms [22] , we have two associated bifunctors Γ(−, −) : L × R → Set and ∆(−, −) : L × R → Set given as follows:
for all (Se, f S) ∈ vL × vR and (ρ, λ) : (Se, f S) → (Se , f S).
Using the bifunctors, we obtain the following intermediary regular semigroups which are subsemigroups of T L and T R respectively,
which may be characterized as follows:
There is a natural isomorphism χ Γ between the bifunctors Γ(−, −) and ∆(−, −) called the duality associated with the semigroup S. Using χ Γ , we can link certain normal cones in U Γ with those in U ∆. Given a cross-connection Γ with the dual ∆, a cone γ ∈ U Γ is said to be linked to δ ∈ U ∆, if there is a (Se, f S) ∈ vL × vR such that γ ∈ Γ(Se, f S) and δ = χ Γ (Se, f S)(γ). The pairs of linked cones (γ, δ) will form a regular semigroup called the cross-connection semigroupSΓ determined by Γ. It may be shown that the linked cones are of the form (ρ a , λ a ), and hencẽ
Then the map a → (ρ a , λ a ) is an isomorphism from S toSΓ. This gives the crossconnection representation of the regular semigroup S as illustrated in the diagram below.
Although the construction is a bit complicated, it gives a lot of information regarding the structure of the semigroup. Recall that for a regular semigroup S, the map a → ρ a may be an isomorphism (for instance in the case of a regular monoid). In that case, every intermediary regular semigroup involved in the construction (denoted using circles in the above diagram) is isomorphic (or anti-isomorphic) to S. Then all the solid arrows in the above diagram become isomorphisms. It may be shown (using similar arguments as in [4] ) that every cross-connection semigroup in this case is isomorphic to S. Hence, such a semigroup has a relatively simple ideal structure.
It is still an open problem to characterize the class of regular semigroups for which S is isomorphic to T L. But it certainly contains many non-monoids. For instance, this class includes (1) the semigroup of singular transformations on a set [4] , (2) the semigroup of singular linear transformations on a vector space [2] , (3) the semigroup of singular order preserving mappings on a chain, (4) the semigroup of singular one-one partial mappings on a set, (5) the semigroup of singular partial mappings on a set, (6) semilattices, (7) Clifford semigroups. The uncited results above are due to the author. The classes (3-5) can be proved using similar arguments as in (1). Clifford semigroups case requires some work, but is not difficult; the semilattice case follows from this.
On the contrary, we can find several classes of regular semigroups which admit a rich cross-connection structure. Arbitrary completely regular semigroups, completely simple semigroups [3] , bands, Reg(S θ ) (where S is a regular semigroup) are some of those.
Categories from the variants of the full transformation semigroup
Now we shift our attention to the variants of the full transformation semigroup. To discuss the normal categories arising from this semigroup, it may be helpful to look first at the full transformation semigroup T X . T X is the monoid of all transformations on a set X, and the semigroup Sing(X) of all singular transformations on X forms an important regular subsemigroup of T X . The cross-connections of Sing(X) was studied in [4] . The L category associated was characterized as the powerset category P(X) of all non-empty proper subsets of X with mappings as morphisms. The R category was characterized as the partition category Π(X) with the set of objects {π : π is a non-identity partition of X}, whereπ denotes the set of all mappings from the partition π to X. A morphism η * in Π(X) fromπ 1 toπ 2 was defined as η * : α → ηα for every α ∈π 1 where η is mapping from π 2 to π 1 . It was shown that even though a permutation θ of X induces a non-trivial crossconnection, every cross-connection semigroup that arises is isomorphic to Sing(X).
It is not difficult to see that by adjoining X to vP(X) and the set of all mappings from {{x} : x ∈ X} to X to vΠ(X) we can characterize the categories in the full transformation semigroup T X . Using similar arguments (in fact easier, since the largest object-X should map to X under cross-connections), we can show that every semigroup that arises is isomorphic to T X . In the sequel, we shall denote the associated categories of T X , also by P(X) and Π(X). Summarising, we have the following results.
Theorem 3.1. P(X) and Π(X) are normal categories. The semigroup T P(X) of all normal cones in P(X) is isomorphic to T X and the semigroup T Π(X) of all normal cones in Π(X) is anti-isomorphic to T X . Every cross-connection semigroup that arises from these categories is isomorphic to T X .
It may be noticed here that given a permutation θ, it induces a cross-connection between the categories P(X) and Π(X) [4] . But the resulting cross-connection semigroup is isomorphic to T X . This cross-connection semigroup is in fact the cross-connection semigroup of the variant semigroup T θ X , where θ is a permutation. This can be seen as a reflection of the fact that the variant T θ X is isomorphic to T X if and only if θ is a permutation [8] .
In [8] , Dolinka and East explored the structure of T θ X , their idempotent generated subsemigroups, Reg(T θ X ), their ideals etc. In the process, they had described the The diagram on the left represents a typical D-class of T X . When the binary composition changes, it breaks up into four groups of transformations which may be described using the sets P 1 and P 2 . The sets P 1 and P 2 characterized as follows are important in the sequel.
P 1 = {a ∈ T X : aθ R θ} and P 2 = {a ∈ T X : θa L θ}
The first part P 1 ∩ P 2 consists of regular elements of T θ X and it forms a single D θ class in T θ X . The transformations which belong to P 2 \P 1 form non-regular D θ -classes each consisting of a non-singleton L θ -class. The H θ -classes of this group are singletons. Similarly, the transformations which belong to P 1 \P 2 form non-regular D θ -classes each consisting of a non-singleton R θ -class. The rest of the transformations (those belonging to neither P 1 nor P 2 ) form non-regular singleton D θ -classes. Before we proceed to describe the categories in Reg(T θ X ), we need to fix some notations. Let A be a subset of X, and α, a partition (or an equivalence relation) on X. Borrowing the terminology from [8] , we shall say A saturates α if each α-class contains at least one element of A. We say α separates A if each α-class contains at most one element of A. Using this terminology, the subsets P 1 and P 2 may be described as follows. P 1 = {a ∈ T X : π θ separates Im a} and P 2 = {a ∈ T X : Im θ saturates π a } It is shown that Reg(T θ X ) = P 1 ∩ P 2 . Further, the Green relations in Reg(T θ X ) are described as follows, as restrictions of the Green relations in T X . Hence from the discussion above, it is clear that the L θ -classes of Reg(T θ X ) may be characterized as Im a, for a ∈ P 1 . Similarly, the R θ -classes of Reg(T θ X ) may be characterized as π a , for a ∈ P 2 . Observe that the H -classes H θ a and H a coincide for a ∈ Reg(T θ X ). So the categories P θ and Π θ associated with Reg(T θ X ) are the full subcategories of P(X) and Π(X) defined as follows.
vP θ = {A : π θ separates A} and vΠ θ = {π : Im θ saturates π} Then it can be easily shown that P θ and Π θ form normal categories, and they are respectively the L and R categories associated with Reg(T θ X ). Since P θ is a full normal subcategory of P(X), every normal cone in T P θ will belong to T P(X), such that T P θ is a regular subsemigroup of T P(X) [26] . Hence, every normal cone in T P θ can be represented by a transformation in T X . In fact, we have the following result. Proposition 3.3. The semigroup T P θ of normal cones in P θ is isomorphic to P 1 . The semigroup T Π θ of normal cones in Π θ is anti-isomorphic to P 2 .
Proof. First, observe that since θ is not a permutation, π θ separates {x} for every x ∈ X. Hence all the singletons {x} belong to vP θ . Any normal cone in T P θ is determined by the action on these singletons. Now given any A ∈ vP θ , every transformation a with Im a ⊆ A, will be contained in T P θ , and in fact only these transformations. Hence
Arguing dually and observing that T Π θ is a subsemigroup of T op X , we can show that the semigroup T Π θ is anti-isomorphic to P 2 .
Roughly speaking, the semigroup of cones of a normal category may be considered as a kind of universal semigroup with the given ideal structure. So, it is not surprising that P 1 and P 2 play critical roles in the characterisation of Reg(T θ X ). From the above discussion, it is clear that P 1 and P 2 are not mere subsets, but important regular semigroups, when seen as subsemigroups of T X and T op X respectively. Now, we proceed to characterize the normal dual of the category P θ . Observe that an H-functor on the category P θ may be represented as H(a; −) for a ∈ P 1 . As argued in [4] , it may be shown that the H-functor is completely determined by the partition π a of the transformation a. Since P 1 contains transformations with all partitions π such that |π| ≤ rank θ, we can see that the normal dual of P θ can be characterized as full subcategory of Π(X) such that
Dually, the normal dual of Π θ can be characterized as the full subcategory of P(X) such that
To describe the cross-connections in Reg(T θ X ), we will also need the following lemma, whose dual statement is proved in [4] .
Lemma 3.4. Let a represent a normal cone in Π(X). Then the M -set M a = {π ∈ Π(X) : Im a is a cross-section of π}.
Cross-connections of the variants
Having described the normal categories in Reg(T θ X ), now we proceed to show how the categories P θ and Π θ are cross-connected by the sandwich element θ. We shall argue using the cross-connection ∆ θ between the subsets, rather than the partitions, since the subset connection is more illuminating and working with the partition category is slightly cumbersome. We can dually extend the argument to Γ θ as well.
Proposition 4.1. For A ∈ vP θ and f : A → B in P θ , a functor ∆ θ : P θ → N * Π θ defined as follows is a cross-connection between the categories P θ and Π θ .
Observe that P θ is a full subcategory of N * Π(X). Also for A ∈ vP θ , since π θ separates A, A → Aθ is a bijection. Since π θ separates A, all the subsets of A will also be separated by π θ . Hence, we can see that the functor A → Aθ is a normal category isomorphism. Thus ∆ θ is a local isomorphism. Observe here that, A ∈ vP θ are precisely those vertices of P(X), where ∆ θ is a local isomorphism.
Since the category Π θ consists of partitions which are saturated by Im θ, the subsets of Im θ will be cross-sections of the partitions in Π θ . So for everyπ ∈ vΠ θ , there is some A ∈ vP θ such that Aθ is a cross-section of π. Thus by Lemma 3.4, for everyπ ∈ vΠ θ , there is some A ∈ vP θ such thatπ ∈ M ∆ θ (A). Hence ∆ θ is a cross-connection between the categories P θ and Π θ .
Observe that the cross-connection ∆ θ is a proper local isomorphism which is not a category isomorphism. Dually, we can define a functor Γ θ from Π θ to P θ as follows. Forπ ∈ vΠ θ and η * :π 1 →π 2 in Π θ ,
where C ∈ P θ is a cross-section of (π 1 )θ −1 . Refer [4] to see the details of how a transformation θ induces a morphism θ * in the category of partitions fromπ to (π)θ −1 forπ ∈ vΠ θ . Then it can be shown that, Γ θ is a local isomorphism such that for every A ∈ P θ there existsπ ∈ Π θ such that A ∈ Γ θ (π). Hence, we can show that Γ θ is indeed a proper cross-connection. Now, the cross-connections Γ θ and ∆ θ give rise to two bifunctors Γ θ (−, −) :
It may be observed here that although η represents a mapping between partitions π 2 and π 1 , η may be restricted to give a mapping between its cross-sections [29] . The resulting intermediary semigroups U Γ θ and U ∆ θ may be characterized as follows:
Observe that the semigroups U Γ θ and U ∆ θ represent the semigroups of principal cones from the categories L and R respectively, of the semigroup Reg(T θ X ). Hence, we see that both the categories here have non-principal normal cones. In fact, this is a necessary condition for the existence of a 'good' cross-connection structure.
Given cross-connections Γ θ and ∆ θ , there exists a natural isomorphism χ Γ θ between the bifunctors Γ θ (−, −) and ∆ θ (−, −) associated with the cross-connections. This natural isomorphism called the duality of the semigroup Reg(T θ X ) is described in the next proposition. Proof. First, we show that χ Γ is indeed a natural transformation. Let (f, η * ) ∈ P(X) × Π(X) where f : A → B and η * :π 1 →π 2 .
To see that the above diagram commutes, let θa ∈ Γ θ (A,π 1 ). Then,
= ηaf θ (since Cθ is a cross-section of π 1 ).
Thus, we have
Also observe that since the map θa → aθ is a bijection for a ∈ Reg(T θ X ), the map χ Γ θ (A,π) is a bijection of the set Γ θ (A,π) onto the set ∆ θ (A,π). Thus χ Γ θ is a natural isomorphism.
So, an element θa ∈ U Γ θ is linked to the element aθ ∈ U ∆ θ . Hence, the resulting cross-connection semigroup is given bỹ
Summarising, we have the following theorem. is isomorphic to P θ and the R category of Reg(T θ X ) is isomorphic to Π θ . Thus we realise Reg(T θ X ) as a subsemigroup of T X × T X so that Reg(T θ X ) = (Π θ , P θ ; Γ θ ) is the result of the categories P θ and Π θ cross-connected via θ. Observe that, the structural results of Dolinka and East [8] have a natural crossconnection interpretation. For instance, the map
being injective, translates to the cross-connection functor being a local isomorphism. So, this dual approach may help in expanding their combinatorial results and also extending the structure theorem to a larger class of semigroups.
Further, observe that the Green relations between the elements are the same in T X and in Reg(T θ X ). This illustrates the fact that, when the binary operation is changed, the real structural 'variance' is the 'cross-connection' of these ideals. Thus, Reg(T θ X ) is a classic case where all the subtleties of cross-connection theory play out nicely, reiterating the necessity of such a sophisticated theory in describing the ideal structure of semigroups.
Biorder structure
Now, we proceed to describe the biorder structure of Reg(T θ X ) using the crossconnection representation. Recall that, Nambooripad, in his seminal work [25] , characterised the set of idempotents of a (regular) semigroup as a (regular) biordered set. He gave a structural description of a regular semigroup from its (regular) biordered set, using inductive groupoids, exploiting the structural information captured by the idempotents of a semigroup.
A biordered set is a partial algebra whose partial binary operation, called the basic product, is determined by two preorders ω l and ω r , and satisfying certain axioms. Given two elements e, f in a biordered set, the sandwich set S(e, f ) characterises the inverses (or the regularity) of the elements of the semigroup associated with the biordered set. Roughly speaking, the sandwich set is the (regular semigroup) generalisation of the notion of the meet of two elements in a semilattice (of an inverse semigroup). We refer the reader to [17, 25] for definition and properties of the biordered set and sandwich sets. In [26, Section V.1], Nambooripad gave the description of biordered set and sandwich sets of a cross-connection semigroup. So, using the cross-connection representation of Reg(T θ X ) obtained in the previous section, we can obtain the biorder structure description of the semigroup, in terms of subsets and partitions. We omit proofs and details, as they may affect the self-containedness of the article. This discussion also suggests that we can always retrieve the idempotent structure from a cross-connection description, reiterating the strength of the theory.
5.1. Biordered set and sandwich sets of T X . First, in the transformation semigroup T X , the idempotents are given by (11) E(T X ) = {(A,π) ∈ P(X) × Π(X) : A is a cross-section of π}.
One can see that for each (A,π) ∈ E(T X ), there exists a unique idempotent transformation e ∈ T X such that Im e = A and π e = π. Then e is called the cross-connection idempotent cone associated with the idempotent (A,π). Then the preorders ω l and ω r are defined by:
(12) (A,π)ω l (A ,π ) ⇐⇒ A ⊆ A and (A,π)ω r (A ,π ) ⇐⇒π ⊆π .
For any two idempotents e = (A,π) and e = (A ,π ), we define basic products as: Then E(T X ) as defined in (11) forms a regular biordered set with preorders and basic products as defined in (12) and (13) respectively.
Further, the sandwich set S((A,π ), (A ,π)) = S(A,π) of any two idempotents (A,π ), (A ,π) ∈ E(T X ) is given by, (14) S(A,π) = {(X,σ) ∈ P(X) × Π(X) : X is a cross-section of π and A is a cross-section of σ}.
Remark 5.1. The biordered set and sandwich sets in the singular transformation semigroup Sing(X) can be obtained from the above description by just restricting the categories P(X) and Π(X), respectively.
5.2.
Biordered set and sandwich sets of Reg(T θ X ). Now, we proceed to give the biorder structure of Reg(T θ X ). Since Reg(T θ X ) = (Π θ , P θ ; Γ θ ) , the idempotents E(Reg(T θ X )) = E Γ θ of the semigroup Reg(T θ X ) may be described as follows: (15) E Γ θ = {(A,π) ∈ P θ × Π θ : π θ separates A and Aθ is a cross-section of π}.
Since P θ × Π θ is a full subcategory of P(X) × Π(X), preorders and basic products defined in (12) and (13) respectively, restricted to E Γ θ , will give preorders and basic products in E Γ θ . Then it may be verified that E Γ θ forms a regular biordered set, with quasi-orders and basic products, as defined above. Now, the sandwich set S(A,π) = S((A,π ), (A ,π)), where (A,π ), (A ,π) ∈ E Γ θ is given by, (16) S(A,π) = {(X,σ) ∈ P θ × Π θ : X is a cross-section of π and A is a cross-section of σ}.
Although the sandwich set description is independent of the cross-connection, the sandwich sets in Reg(T θ X ) will indeed become smaller than in T X , because of the restriction in the categories. For instance, (323) ∈ S({12}, {{13}{2}}) = S((121), (121)) in T 3 ; but clearly, (323) / ∈ S((121), (121)) in Reg(T (122)  3 
